GENERALIZED VERMA MODULES AND CHARACTER 
FORMULAE FOR osp(3|2m) 



BINTAO CAO AND LI LUO 



Abstract. The character formula of any finite dimensional irreducible module 
for Lie superalgebra 0Bp(3|2m) is obtained in terms of characters of generalized 
Verma modules. 



1. Introduction 

1.1. It was already clear from the foundation papers [6l[7l|8] by Kac that finding 
the character formulae of the so-called atypical irreducible modules is one of the 
most challenging problems in the theory of Lie superalgebras. 

The finite-dimensional irreducible modules of the Lie superalgebras 13(2,1; a) 
and C{n) were understood by van der Jeugt in [TSl [H] long ago. In the case of 
g[(m|n), the problem was first solved by Serganova in |llj . where a Kazhdan-Lusztig 
theory was developed. Later on, Brundan [1] discovered a remarkable connection 
between the general linear superalgebra and the quantum group of glooi by which 
the Kazhdan-Lusztig polynomials were computed quite directly. This approach was 
further developed in [T21 13] • 

Very recently, Gruson and Serganova [5] , and, Cheng, Lam and Wang provided 
two independent and different approaches to the finite-dimensional irreducible osp- 
characters. 

1.2. At the same time, the study of generalized Verma modules for ortho-symplectic 
Lie superalgebra 05p(n|2) has recently enjoyed considerable attention in 9_ by Luo 
and in '1^ by Su and Zhang. This effort is not only possibly useful to describe 
the finite-dimensional irreducible osp-characters by another approach completely 
different from O |2] but also a first step toward studying category O. 

Choose the distinguished Borel subalgebra for a basic classical Lie superalgebra 
and consider the maximal parabolic subalgebra obtained by removing the unique 
odd simple root. The generalized Verma modules are those induced from finite 
dimensional irreducible Verma modules over the parabolic subalgebra. In the case 
of types A and C, these modules coincide the Kac modules, which can be interpreted 
as cohomology groups of bundles over the flag supermanifold. However, in the case 
of types B and D, the Kac modules are not the generalized Verma modules but 
their maximal finite-dimensional quotients. This present paper, as well as the 
papers O [M], implies that the generalized Verma modules also play important 
roles in the representation theory for Lie superalgebras. 



2000 Mathematics Subject Classification. Primary 17B10, 17B37. 

Key words and phrases, ortho-symplectic superalgebra, generalized Verma module, character 
formula, tensor module. 



1 



2 



BINTAO CAO AND LI LUO 



1.3. Influenced by the work pi, here we shah also study any finite-dimensional 
irreducible module Lx from (g) C'^'^™ where C^'^™ is the natural representation 
and is another irreducible module known by induction. We point out that the 
module (8) C^'^™ may not be completely reducible. Thus we should give a more 
detailed argument for the blocks of modules appearing in O C'^'^™. 

Another key point of this work is how to express the trivial character ch Lo = 1 
in terms of characters of generalized Verma modules, for which a nontrivial combi- 
natorial identity is proved. This combinatorial identity is formulated by a certain 
subset of Weyl group. 

1.4. The purpose of the present paper is to express the character formulae for 
all finite dimensional irreducible modules of osp(3t2m) in terms of characters of 
generalized Verma modules, which are known clearly. Our main results are Theorem 
3.1 and Theorem 5.2. 

The paper is organized as follows. In Section 2, we present some background 
material on osp(3|2m). In Section 3, the character formulae for tail atypical weights 
are obtained. Section 4 is devoted to study the information of tensor modules. The 
result for non-tail atypical weight is given in Section 5. 

2. Preliminaries 

We shall simplify osp(3|2to) to g and work over the field C of complex numbers 
throughout the paper. 

2.1. Distinguished simple roots system. Choose the distinguished Borel sub- 
algebra ^6^ for g. Then the set of simple roots is 

(2.1) 11= {Si - ^2, S2-S3,..., Sm-l - Sm, Sm " £, c}- 

The set of positive even roots and odd roots are 

(2.2) A+ = {e, d,±Sj,2dk\l<i<j <m,l<k<m} 
and 

(2.3) A+ = {S„6^±e\l<i<m}, 
respectively. 

The distinguished Dynkin diagram is given as follows: 

B{l\m): O O ■•■ O ^ ^ O 

61-62 62-63 6m- e e 

(Figure 1) 

The bilinear form (•, •) on f)* is defined by 

(2.4) (5„5,) = |-pl' jj=-J.j , {6,,e)=0, (e,e)-l for l<i,j<m. 
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2.2. Z-grading and parabolic subalgebras. The Lie superalgebra g admits a 
Z2-consistent Z-grading 

(2.5) = 0-2 ©fl-l ©00 ® 01 ® 02, 

where go = Ql{m) ® s[(2) is spanned by t), 0±e and Q±{Si-5,) (1 < « < j < m); 0±i 
is spanned by Q±a{a € A^); and 0±2 is spanned by 9±(Si+Sj) (1 < * < j < ™)- 
There are two parabohc subalgebras 

(2.6) u = 01 © 02 with Uo = 02 and uj = 0i 
and 

(2.7) u"=0_i®0_2 with Uj^ = 0- and Uj^ = 0-i- 

2.3. Dominant integral weights. An element in f)* is called a weight. A weight 
A e [)* will be written in terms of the 5e-basis as 

m 

(2.8) A = (Ai, A2, . . . , A™; Ao) = ^ X.,d, + Aoe. 

i=l 

Define 

rn 

(2.9) htA-^|A,|, 

and call it the height of A. 

A weight A is called integral if Ao, Ai, . . . , A^ G Z. 

For any weight A G f)*, there exists an irreducible module L\ with highest weight 

A. 

Theorem 2.1. (Kac [6]) For any integral weight A, the irreducible module L\ is 
finite dimensional if and only if 

{Ao, Ai, . . . , \m G Z>o, 
Ai > A2 > •■• > A,„_i > A™, 
Ao=0 if A,„ = 0. 

Denote 

(2.11) 7-" = {A G f)* I A is integral and satisfies the conditions in Theorem 2.1}. 
The weights in V are called dominant integral. 

2.4. Generalized Verma modules. For any A G f)*, we denote by l''^^ the irre- 
ducible 00- module with highest weight A. Denote 

(2.12) V^°^ = {A G t)* I i^"^ is finite-dimensional}. 

It is obvious that V CV^^\ 

For any A G T'^^-', extend L^"^ to a 0o © u- module by putting ui^"^ = 0. Then 
the generalized Verma module M\ is defined as the induced module 

(2.13) Ah = Ind^^eu^f = U{u-) ®c if- 

It is clear that L\ is the unique irreducible quotient module of M\. 
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2.5. Atypical weights. Let po (resp. pi) be half the sum of positive even (resp. 
odd) roots, and let p = po — pi- Then 

(2.14) p^{ni- ^)Si + (m - ^)S2 + ■■■ + - ^S,^ + ^e. 

A weight A G f)* is called atypical if there is a positive odd root a G such 
that 

(2.15) (A + p,a) = 0. 

Sometimes we also call it a-atypical to emphasize the odd root a. Otherwise, we 
call A typical. 

Note that if A G P is {St — e)-atypical for some 1 < t < m, then it must be that 
t = m and Ai > A2 > ■ ■ • > A„j_i > Am = Aq = 0. Such a weight A is called a 
tail atypical weight. A weight X G V which is not a tail atypical weight, is called a 
non-tail atypical weight. 

For convenience, sometimes we use the p-translated notation A of a weight A, 
which is defined by 

(2.16) A = A + p= (Ai,A2,...,A„;Ao) 
Assmne A G ft* is a-atypical with a — St + e 01: St ~ e. Denote 

(2.17) A= [|Ai|,...,|At_i|,|At+i|,...,|A™|], 
which is called the atypical type of A. 

2.6. Weyl group. Let W be the Weyl group of g (i.e. the Weyl group of Lie 
algebra 0o) and ^ : W -> N be the length function. Let Sk k Z2 C W be the Weyl 
group of type Cfe (1 < fc < m). That is, elements in 5*^ permute the coefficients 
of (5i , . . . , (5fe and elements in show how to change the signs of the coefficients of 
Si,. ..,5k. 

For any 1 < fc < m, denote 

(2.18) Ffe := {a G 5fc X I <j{p)i > <j{p)2 >■■> 'J{^i)k}, 

where p = kSi + {k — 1)S2 + ■ ■ ■ + Sk and cr{p)i is the coefficient of Si in cr(/i). 

Remark 2.2. Note that = w . e G r„i_i is determined by e uniquely, where 
w G Sm-i and e G Z™~^. Hence there is a 1-1 correspondence between the elements 
in r„j-i and the self-conjugate partitions with length smaller than m via 

(2.19) p = {jp - I, . . . ,ji - l\jp - 1, . . . , ji - 1) I — > cr^ = . e^, 
where 1 < ji < • • • < to — 1 and — (£^^,1, . . . ,£^,m-i) with 

(2.20) £^,, = 



-1 a s e {m - ji,. . . ,m - jp} 
1 otherwise. 

2.7. Central characters and blocks. Denote by Z{g) the central of the universal 
enveloping algebra U{q). Recall that a central character defined by A G f)* is a 
homomorphism x\ ■ Z{g) — C such that each element z G Z{g) acts on L\ as the 
scaler x\{^)- 

Lemma 2.3. (See. [T^]) For any A,/i G ■P^"^ xx = implies that X ~ JI if X, p 
are both atypical or that there exists w G W such that A = wijl) if X, p are both 
typical. 
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Suppose X d P is typical, then for any H V, xx — Xt^ if and only if A = /i. 

For any atypical weight A e we denote by A"^ the unique tail atypical weight 
with xx — Xx^ ■ It is obvious that A = A"^ if A is a tail atypical weight. For a 
non-tail atypical weight A £ one can check that 

k—l m — 1 

(2.21) A"^ = ^ XiSi + ^ Xi+iSi if A is {5k + e)-atypical. 

i=l i=k 

For any tail atypical weight A, denote 

(2.22) Bx = {^leP\^l^ = A}. 

Clearly, 

(2.23) V= [j Bx, which is a disjoint union. 

A tail atypical 

Take any non-tail {dk + e)-atypical weight A (1 < fc < m) and assume that t is 
the maximal number with Af = A^. Define 

fooA-) - / " = ifAo=0 

^ ' ^ " I A-EU'5.-(i-fc + l)e, otherwise. 

It is obvious that (p : V\ {tail atypical weights} ^ V is injective. Moreover, one 
can check that ip{^J.) G Bx for any tail typical weight A and any /i € Bx- 

2.8. Characters for typical weights. 

Theorem 2.4. (Kac[7 ) A weight X £ P is typical if and only if 

(2.25) ch Lx = ^'"^^'["l^^ll y (-l)'(«')e-(^+rf. 

We rewrite this theorem as the following lemma. 
Lemma 2.5. A weight X £ P is typical if and only if 

(2.26) chLx^ J2 i-iy^^hh M,^x+p)-p- 

Proof. By Theorem 12. 4[ one has that A £ is typical if and only if 

n (l + e~") J2 (_i)'(«')e«'(A+p)-P 

O 97\ h T = ""^^"^ "'gw 

^ ^ ^ n (l-e-(*>+^^))(l-e-^) n {I - e-is^~s,)y 

l<2<^'<m l<i<j<rn 

For convenience, we denote /i' — X^JliMj'^j with fi =^ Sjli Mj'^j + MoE; and 
denote /9g[(m) = S^LiC*^" being half the sum of positive roots of s[(m). Since 
W = Wc„ X Wbi , we have 



(2.28) 

^ (_l)H-)e-(A+p)-p ^ (gAoe _ g-(Ao + l)e) ^ 



/(jii)g«;(A' +p')-p' 
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Thus 

n (l + e-") 2A E (-l)'(«')e'"(^'+''')-^' 
^ n (l-e-(*''+^.)) ^ n (l-e-(^'-^^)) 

n + ^ (_iy(i")e«'('T(A'+p')-p'+P„i(,„)) 

Y{ (1 -_e-(*'»+'5.)) 4^ ^ n (l-e"('5'-'5.)) 

l<i<i<m ^ ° o-er„ l<i<j<m 

n (1 + e-") 

□ 

2.9. Cohomology and character. The space of q-dnnensional cochams of the 
Lie superalgebra u = Uq 8) uj with coefficients in the module L\ is given by 

(2.29) C«(u;iA)= Hom(A*Uo0 5«^Ui,iA). 

qo+qi=q 

The differential d : C«(u; Lx) C«+i(u; Lx) is defined by 

rfc(Ci,...,^go.'?i.-->^9i)_ 

(2 30) +T.V=i ■ • • • • • ,^go. Ks> 'yt], ^71, ?79i) 

+E!Li(-ir6c(6,...,e;,...,e,o,'?i,---,^?j 

+ (_l)9o-i ^9^^ . . . , ,71, . . . , ^„ . . . , r,,J 

where c G C"?(u;La), 6, ■••,^90 £ "o, m, ■ ■ ■ ,Vqi G Ui- 

The cohomology of u with coefficients in the module L\ is the cohomology group 
of the complex C = {{C'^{u\L\)},d), and it is denoted by H''{u,L\). 

Imitating the argument in p], one can obtain 

00 

(2.31) ch Lx - ch K'h + Y.^~^y^H\u, Lx) : ii,°^]ch M,, 

where v ~< X means that x\ ~ Xv and v < X (i.e. A — ^ is a Z>o-linear sum of 
positive roots), and [i?*(u, Lx) : ii"^] is the multiplicity of ii"^ in the cohomology 
group regarded as a go-module. 

Remark 2.6. In the above expression, any coefficient of ch M^, is an integral number. 
In particular, the coefficient of ch Mx is 1. 
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3. Character formulae for tail atypical weights 

3.1. Natural module. Consider the natural g-module Lg^ ~ C'^'^"'. It is known 
that Ls^* ^ Ls^ and that the set of weights of Lg^ is {0, ±Si, . . . , ±Sm, ±e}- More- 
over, as a flo-module, 

(3.1) L,,^4>LLlei(°). 

3.2. Weights set V\ and • For any \ eV, denote 

(3.2) r^ = v^+uv^- 

where 

f^^. -P {>^ + SiA + S2,...,X + Srn,X + e}nP, (Ao=0); 

^ ' ^+ \ {A + (5i,A + 52,...,A + 5„,A,A + e}nP, {Xo^O). 

and 

f^.. ^( {X-Si,X-62,...,X-Sm,X-e}nP, (Ao=0); 

^ ^ ^ ^~ 1 {X-SuX-52,...,X-Sm,X,X-€}nV, (AoT^O). 

Let V^'^^ take the place of V above, then there come the definitions of Pj^^ , p'^^} 



The following statement is standard in the theory of the classical finite-dimensional 
semisimple Lie algebras: for any A G P^'^\ 

(3.5) 4°^®(4>^^1©4°^)= 4°^- 



3.3. Character of M\ ® Lg^. Thanks to (3.1) and (3.5), we have that for any 

A e P^^\ as a go-module, 

(3.6) Mx^Ls = (f/(u-)®c4°^ )®(4?©4°Lffi4"^) 

- t/(u-)«c(4"'^5(4>41©4°^)) 
= f/(u-)®c( 4°^) 

= (C/(u-)®cif) 



= M,. 



Hence 



(3.7) ch Mx(S)Ls= ^ ch M^. 



3.4. Convention. From here on, we will always simplify the character ch V to V. 
It cannot confuse us by context. 
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3.5. Character formulae. Firstly, we will recall some notations and facts about 
symmetric functions. One can find more material in [lOj . 

Denote = det(a;j'')i<ij<m for A = (Ai, . . . , A„) € Z™ and Sx = ^A+p,,(„) Mp£,,(„) , 
where Pgi(m) = J2]jLi{^ ~ Note that A is not necessary a partition, and if so 
then we will get back to the traditional definition of Schur function Sx. Thus Sx ^ Q 
if and only if there exists w S Sm satisfying Ao.(i) — (t(1) + 1 > • • • > ^a(m) —cr{m)+m. 
Equivalently, 5a = if and only if there exist i,j G {l,...,rn} satisfying that 
Ai - i = Aj - j. 

A direct calculation shows that Sx = det(/iAj+(-i+j)/e^j, where I G Z>o is any 
nonnegative integer such that Xi + I — i + m > for all i G {1, . . . , to}. Here 
hi — hi{xi, . . . , Xm) is the l-th complete symmetric polynomials (i.e. the sum of all 
monomials of total degree I in the variables xi, . . . , Xm), and e; = ei{xi, . . . , Xm) 
is the l-th elementary symmetric polynomials in the variables xi,. . . ,Xm- We set 
hi — ei = a I < for convenience. 

For each cr G r,„_i (cf ^JEll), define 
(3.8) 

I , . , ( i, if i G {1, 2, . . . , m — 1} is the minimal number such that a{X + p)i < — 1; 
^^^'^^ ^ \ TO, iia{X + p)m-i > -1. 

Write 

(3.9) n := {i,i + l,i + 2,. . . ,m) e Sm- 
Theorem 3.1. i). If X is a tail atypical dominant integral weight, then 

m -f -nCT(A+p)i+i 

(3.10) Lx= J2 E (-l)^(-'^)+^Af.,.(A+p)_p+,,_,5., 

(Ter„i_i i=b(cr,A) j=inax{0,i-cr(A+p)i_i} 

where a{X + p)o = oo and r„jO'(A + p)m+i = ^co for convenience. 

a). If X — X^jli ^j^j + -^0^ a (6k + e)-atypical dominant integral weight 
with Afc — ■ ■ ■ Xm — 1 and Xq = m — k (i.e. X is a non-tail atypical weight with 
(p{X) = X^ ), then 

(3.11) Lx = LxT+ J2 M,(A+p)-p. 

where Lxt has been got by i). 

We will give several lemmas first. 

Denote Fx the right side of (|XTU)) or (IXTTI) . 

If A is a ((5„i — e)-atypical integral dominant weight of g, we define 
(3.12) 

m m 

c. = EE(-l)™%M)E^^~^ 

Yiii-xi) n {i-xiXj)j=o p s=o 

i—1 l<i<j<m 

where p runs over all partitions in forms {jp — 1, . . . , ji — l\ip — 1, . . . , ji — 1) + 
(Am-jp,...,Am_ji,-A™_.r,,...,-A™_.r^_^_p) for any nonnegative integer p < m 
and strictly increasing p-tuples (ji, . . . , jp) G {1, . . . , m — 1}^. Here the entries of 
the strictly increasing (m — 1 — p)-tuples (ri, . . . , r„,._i_p) are in the set {1, . . . , m — 
• ■ • Jp}, and T{p) = ji H + jp. 
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If A is a {dm + e)-atypical dominant integral weight with Am = 1 and Ao = 0, we 
define 

(3.13) 

m m 

Yl{l + x,y)Jl{l + x,y-^) 
Hil-Xi) n (l-XiXj) M 

i—l l<z<j<7n 

where the definitions of fi and T{fi) are as the same as in p.l2p . 
Lemma 3.2. C\ = F\ if one sets Xi = e^*' and y = e*^. 

Proof. For convenience, we denote A"^ — XmSi + • • ■ + Xidm and = ^^^i + + 
• ■ • + (to - Then 

(3.14) Tm-i = {<T e Sm-i K Z^-i I a(A= + p')2 > ■ ■> a(A^ + p^)™}. 
Take 

(3.15) V = (jp - 1, . . . , ji - l|jp - 1, . . . , - 1) 



(3.16) 

and 
(3.17) 

for ojy £ S„i-i, £v G U^^^ and 



(3.18) 



-1 if S £ {TO-ji,...,TO-jp} 

1 if s £ {to - ri, . . . ,m - r„_i_p} 



One easily shows that 

(3.19) (-l)^+^(^)%^) = (-l)^+'('^-)5,._.^(,e+pe)+,5,. 

Since there is a 1-1 correspondence between the elements in r„i_i and the strict 
increasing p— tuples (ji, ■ ■ ■ ,jp) £ {1, . . . ,to — 1}^ (see Remak . where p runs 
over the set {1,...,to — 1}, we get that 

(3.20) j2i-^y™s^j,,)- E (-ir+'*"^v-.(A^+P=)+.^i- 

(li o-er,„_i 
For an to— tuple (ui, . . . , z^m), one has 

(3-21) *S'(^j j^^) (xi , . . . , Xm) = S'(_^^^^^^^ (Xj^ ,...,X,jj). 

Thus 

(3.22) Spc_„(^xc_^_pc^_^_jg_^ (xi, . . . , Xm) = '5'cr(A+p)-p-j(5„, (^^i ^, ■ • ■ , a^m'")- 

Furthermore, it is well known that S,^ = {—lY^'^'^Sg if ry + Pgi(m) = + /OBi(rn))j 
where w £ S*™. One checks that 5'o.(A+p)-p-j5„, = if i ^ {max{0, i - (t(A + 
p)i-i}, . . . , — i — ritT(A + p)i+i} for I £ {b((T, A), . . . , rn} in p.lOp . These complete 
the proof. □ 
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Lemma 3.3. The following identity holds: 

m 

n(l-a;i) n i^-XiXj) ^ 2j 

(3-23) — ^ = 2^z^(-i)' ' Su,f^)2^y 

n(l + a;iy) n(l + a;iy-i) i=o^ s=o 



1=1 i=l 



where /x runs over all self- conjugate partitions fjt = (ai, . . . , apjai, . . . , a^) with 
ai < m - 2. Here p{iJ,) = p and = S'(j,^)(a;i, . . .,Xm)- 

Proof. One shows that 

m m m k m m — k 

(3.24) I](l+Xiy)n(l+^i2/-') = ^(^e,-e„_,+,)y™-'=+^(^ e,+,■e,■)y-^ 

1=1 i=l k=0 j=0 fe=l j=0 

where ej = ej{xi,. . . , Xm)- 
We denote 

(3.25) A,= (-1)"^%.) 

0<ai<m-2 

On the other hand, we can write Aj = J2T=o o-shj+s by the definition of S\, whore 
as are certain polynomials in variables xi, . . . , Xm, and hj = hj{xi, . . . , Xm)- We 
write 

Thus = Moreover 

oo 2j oo 

(3.27) EE(-i)^(-i)'^%.)E^^-^= E 



Hence 



mm oo 

n(l + a;iy)n(l + ^»y"')( E ^-^y") 

i=l i=l A;= — cso 

oo m k m rn — k 

(3.28) = E (E E eje„-fe+j-Bi-m+fe + E E ek+jejBi+k)y^ . 

/=-oo /s=0 j=0 fe=l j=0 

Now wc consider the coefficients of i/. Since the coefficient of j/ is the same 
as of y^', we only need to check the case ^ > 0. In fact, we want to show these 
coefficients are if Z > 0, and is njli(l ~ ^i) ni<j<j<m(-'^ ~ XiXj) if Z = 0. 

Note that 

(3.29) 

m k m m—k m m 

E E ejem-k+jBi^m+k + E E ek+jejBi+k = E E ^rn-kBi- 

(m— j)+fc; 

fc=Oj=0 fc=l j=0 j=0 A;=0 

oo oo 'in — 1 

(3.30) Bp = Y^i-iyA^ = Y.Y. i-^y^^h^+s 
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for p>0, and 

(3.31) hk - ei/ifc„i + e2hk-2 H \- {-^)'^emhh-m = 

for fc 7^ 0. Thus the coefficient of is if Z > m. 
Let Z = m — 1, It is sufficiently to show that 

(3.32) e,nB-i + e,n-iBo + ■■■ + eiB„,_2 + B„,-i = 0. 
Since 

(3.33) e,„i?o + Crn-iBi H h eiB,n^i + B,n = 

hy^^-^M), then (|332l) is equal to 

(3.34) Ao = A_i. 

By induction, one shows that the equality ([2231) is equal to 
(3.35) 

{^J =^-(i+i) for j = 0, 1, . . . ,m 

m 
(-l)"M„_i + ao = n (1 - n (1 - 

i— 1 l<i<j<m 

Note that [To] 

m 

(3.36) n(i-^*) n (i-^.^.)=E(-i)^^^A., 

2—1 l<i<j<rn 

where fi — (ai, . . . , ap|ai, . . . , ap) and ai < m — 1. But 



(3.37) ao = E(-l)^5, 



where /j, = (ai, . . . , ap|ai, . . . , ap) and ai < m — 2. Then 

m 

(3.38) 11(1 II {l-x,xj)-ao 

E lMl+p(A.) + 2m 

/j=(Qi,...,ap|ai,...,ap) 

= (-l)"e,„A™_i. 

Now the statement p.35l) o is hold. 
Observe that 

(3.39) {ai, . . . ,ap\ai, . . . ,ap) 

ap CKp-i— ctp — 1 ai— a2 — 1 rn — ai— 2 

= (ai + 1, . . . ,ap - 1, . . . ,p - 1, . . . , 1, . . . , 1, 0, . . . ,0) 

Thus the first column of the corresponding matrix for S(^j^(^o.i,....ap\ai,....ap)) is 
(3.40) 

Qp ap_i— Qp — 1 



, . . . , 



. ^ V . 

a.i—cto — 1 m — Qi— 2 

/ ^/ ^ V 

h—OL2 — 2i • • • 1 h — ct^-j h — a.\—2i • • • 1 ^ — m+l) 
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It is clearly that S'(j,(ai,...,ap|ai,...,ap)) if and only if G {0, . . . , m - 2}\{j} for 
< j < m — 2, where s G {1, . . . ,p}. In this case, there exists s s.t. a^+i < j and 
as > j for s G {1, . . . jp}. Hence 

(3.41) as+i + 2 < J + 1, a, > j + 1. 

Since (|(ai, . . . , ap | ai, . . . , ap)| + p)/2 = p + ai + ■ ■ ■ + ap, thus 

(3.42) (-l)P+"^+-+"''%(„,...,„,|a„...,„,)) 



— (^^I'jP+'^i-^ hap+J + l^^ 



(-(j + l),(ai,...,aa ,j,as + i,...,Qp|ai,...,Qs,i,aa + l,---,ap)) ■ 



We see that S(^(^j^iy(ai,....ap\ai,....ap)) 7^ if and only if there exist s G {ai, . . . , ap} 
s.t. as = j by (|3.4ip . which implies that Aj — A.q+i) for j — 0,1, ... ,m — 2. 
These complete the proof. □ 



In fact, Lemma 13.31 gives the character of the trivial module Lq in form of an 
infinite sum of characters of generalized Verma modules. 

Lemma 3.4. For A G "P and Am = Aq = 0, we have 

(3.43) Ca -Cs,^ ^m- 

Proof. Denote T = 5(1) + 5'(o....,o.-i) + y + 1 + V^^- We want to show that 

(3.44) Ca ■ T = ^ C^. 

Since Co = 1 by Lemma 13. 3| we get that T — Cs^ . 
For convenience, we will write 

m m 

(3.45) A=^ . 

n(i-xo n (1-^.^,) 

i—l l<i<j<m 

Thus 

(3.46) 

Ca -T 

00 m 2j 00 2j 

+ ^^(-l)^(-)5(_i,,) - A5](-l)^(-)%,). 

One can easily show that X^jli 'S'a±5j = if 5'a = 0. Moreover, X^jLi '5'a±<5j = 
Ljli '5'A±<T(5j) for any ct G S'™ k Z^. 
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Using p.igp . we get that 

(3.47) Cx ■ T 

oo m 2j 

= E E(-i)''^'''^^v-.(A^+P^±^,)+.^.Ey'"^ 

oo 2j 

+ ^E E (-i)^-+'''^)v-.(A^+P^)+.^-.Ey'"^ 

i=o<Te(s,„_it<zj'"^)^ ^5=0 

+ ^ E (-1)"'°^-'('5'p<=-<t(A-+p-)-5i - '5'pc-cr(A-+p-))- 

We say that A'^ G '^gi(m) if A £ (note that Ao = 0). 

If A^ + 5i+i ^ i.e. A + 5rn-i i 'P^iim) for / 1, . . . , m - 2, then A„i_( = 

Am-(i+l)- 

Let I e {ji, . . . ,jp}, for example, / = jp_t. Now if / + 1 e {ji, . . .,jp}, then 
^ + 1 = Jp-t+i- Thus jp-t + t + X,n~jp-t = Jp-t+i + t -1 + Ki-jp-t+i ■ It imphes 
that S„(x+p+s,^^_i)-p-js^ = 0. + 1 £ {ri, . . . ,r„_i_p}, weset = jk if ^p-t, 
and = Z + 1. Thus there exists s £ {1, . . . , to — 1 — p} s.t. — I + 1. We set 
r'^ = Vq a q ^ s, and r'^ = I- We denote 

m—p—s rn—p-\-t 

(3.48) w (m-p-s,m-p + t)(0,l,...,l, -1 -1 ,!,...,!). 
Then a' = z«cr(note that a' £ Fm-i), and 

(3.49) cr(A + p + (5,„-i) - /3 - jS,n = ct'(A + p + (5™-;) ~ p- jSm- 
But (-l)'**^') = -(-l)'('^), thus we know that 

(3.50) {-iy+'-^'^'>Sp.^a{X''+p''+Si+i)+jSi + (-l)-'+'('' ^Spa_„,(^x''+p''+6,+r)+jSi = 
in p.47p . The case I £ {ri, . . . , rm-i-p} is similar. 

If A'^ - 6i+2 ^ ^gi(m) , i-e- A - Sjn-i-i ^ "PgiCm) for ^ = 1, . . . , TO - 2, the discussion 
is similar to the above. 

If A„_i = 0, then A - S^-i ^ ^Bt(m), i-e. A'^ - ^2 ^ '^gi(m)- ^o^'^ t^^* cr(A + p - 
(^m-i) = cr(l,,...,l,-l,l)(A + p), and if £ r,„_i, then a' £ r„_i by A„_i = 
and p„i_i = ^. These imply that 

(3.51) 

^ (-!)■'+'('') S'pc_^(Ac+pc_52)+j,5i + E (^l)''^'''^^'5'p_^(Ac+pc)+j,5j = 0. 

One shows thatE^(-l)-''^+-+-'-^(-i.p) - Ep(-l)-''^+-+^'^^(o.p) = if A™_i = 0, 
via 5(o^p) 7^ iff ji 7^ 1 and 5(_i,p) 7^ iff ji = 1. Thus (glSl) hold. □ 



Proof of Theorem l3.lt We will prove the case Aq = in this theorem by induction 
on the height of weight A. Firstly, if htX = (i.e. A = 0), one easily shows that the 
statement holds by Lemma l3^ and Lemma [3731 Moreover, the statement holds for 
A = (5i by Lemma 13.21 Now by induction, 

(3.52) Lx ®Ls,^ '^M if = 0- 
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In this case, A is a tail atypical integral dominant weight. Since the weights in Vx 
are in different blocks and Ti(j{\ + p) — p — jSi < A, then we have L^, = C^, ii p G Vx 
and if p is also a tail atypical integral dominant weight by Remark 2.5. Now if 
Am-i > 0, we consider _La+i5,„- By (j3.52p and above discussion, we can assume that 

(3.53) Lx+5^ +xLx^Lx+ J] (-l)^(^Uf,(;,+,^+p)_^, 

where x is a nonnegative integer. One compares the coefficients of e"^ of the 
two sides of p.53p then gets that x < 2. But if x = 1, one has L\+Sm = 
(— 1)^('^)A/ct(a+5„+p)-p- It contradicts to Lemma [2?5l These prove the state- 

ment of the case Aq = 0. 

Now we show ii) of the theorem with the case Ao > (i.e. fc < to in p.lip V 
Denote A = Yl'^^Zl XjSj + J^JLk + - and A' = Y!^Z[ XjSj + Y,%k + ("i - 
+ l)e . Then we claim that 

(3.54) Fx- ■Ls,= J2 ^t^- 

i^eVy\{X'} 

This claim can be show by induction on k. Note that 

(3.55) Left= E E E i-^y^'^^M^, 

(3.56) Rights E ^''+ E E (-1)'(")m^. 

The elements in 7'^°v+p)_p but not in 'P„i^y+p)-p\{(^{>^' +p)-p] are v = <^{Y.]=i ^]^3 + 
J2T=k + (to - fc + 1 ) e + p) - p and C = cr (E J = 1^ + E Jlfc Sj + {m- k + l)e+ p)- p. 
Since cr • (1, . . . , 1, — l)(i^) = C and cr • (1, . . . , 1, —1) £ r,„ if ct G T^- This implies 
that T,aGr„S-'^)"-''^^I^ + E<TfEr„(-l)'^''^^'^C = 0. Thus the claim is hold. 
Now we show Lx — Fx by induction on m — fc. By p.54p . one has 

(3.57) Lx = {l- x)L^T + J2 (-l)''"^M.(A+p)-p, 
where a; > 0. 

If 1 < fc < TO, the coefficient of MxT^g^ in Lx' or Lyr is nonnegative and in 
J2(7er (~1)'''^''^^(t(a+p)-p ® Lg^ is 0. One can tensor Lg^ on both sides of p.57p 
to show that a; < 1. Lemma [2.51 savs that x = 0. 

For fc = 1, note that [Lj^-^^^Sj+im-ije <8) : Lj^^ji^ Sj+{m-2)e] = 1- Denote 
y = [Lj2'ji^ 5j+(m-i)e ® : i<5i] > 0. On the other hand, 
(3.58) 

^E7Li'5j + (™-l)e®^'5i {l-x)Lo®Ls^+ ^ (-l)'('^^A/^(^™^5^ + („_i),+p)„p®X5j. 

Note that by induction, 

(3.59) Lj2Jl^Sj+{m-2)c = + ^ (-l)'^'^U'4(52y^^ 5,+(m-2)£+p)-p- 

One substitutes p.59p into p.58p to show that y = —x — 0. These complete the 
proof. □ 
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4. Structure of tensor module L\ ® Ls^ 
Lemma 4.1. For any fi G V\+, it should be that 

(4.1) [L^^Ls,:L^,]^l. 

Particularly, if fi is typical, then Lf^ is a direct summand in L\ ® Ls-^ . 

Proof. If A is a tail atypical weight, the statement has been shown in the proof of 
Theorem 13. II Now assume A is either typical or {5t + e)-atypical [1 <t < m). Thus 
X\ X\-a for any a G {5j — 5^,(5; — e| l<j<fc<m, 1<^< m}. Hence for any 
V ^ \ (i.e. — X\ ^nd < A), it should be that 

(4.2) {v±6,v±ej\l<j <ra}r\ Vx+ = 0. 

Therefore if we multiply Ls^ on the both sides of (2.31) and calculate the right 
side by (3.6), then we can obtain that the coefficient of (/i e 'P\+) is exactly 1. 
Thanks to Remark 2.6, we get 

(4.3) [Lx Ls, : i^] = 1 for any iieVx+- 

□ 

Lemma 4.2. For any A G 7^, i/i^ is an irreducible submodule or quotient module 
of Lx (E> Lg-^, then it must be that fi G Vx- 

Proof. If A is a tail atypical weight, then one can check that the statement hold by 
Theorem [O 

Now suppose that A is either typical or {St + e)-atypical {I < t < m). Thus 
for any -< A, there is no weight G such that ht ^ > ht A. Hence if we 
multiply Ls-^ on the right side of (2.31), then the coefficient of M^, where /i satisfies 
ht /i > ht A, is nonzero if and only if /i G T'x+. So by Remark 2.6, we have 

(4.4) [Lx ® Ls, : Lfj]=0 for any ^eVXVx with ht ^ > ht A. 

Take any irreducible submodule or quotient module L^ of Lx ® Lg-^ . 
Suppose ht ^ > ht A. It must be that ^ eVx because of (4.4). 
Suppose ht /i < ht A. Since 

(4.5) llomg{Lx«i Ls^,Li,) ~ Homg(LA, ® L^i) 
and 

(4.6) Homj,(i^,iA ®Ls,) ~ Homg(i^ , La), 

it should be that Lx is an irreducible submodule or quotient module of L^ Ls^ . 
Thus also by (4.4), we have A G 7'^, which implies that ^ G 'Pa- 

Suppose ht /i = ht A. There can not be a weight v )^ fi (note that ht — 2 > 
ht /X = ht A) such that [La ^ Lg^ : L^] ^ 0. Thus there should be a weight vector 
with highest weight fi. So if we multiply Lg-^ on the both sides of (2.31), then on 
the right side the coefficient of is nonzero. But it is clear by (3.6) that, for any 
1/ ^ A (note that ht < ht A — 2), the coefficient of in (g) Ls-^ is zero. So 
Mfj, appears in Ma ® Ls^. It implies that ^ eVx- □ 

Lemma 4.3. Suppose X ^ V is an atypical weight. For any ii,v ^Vx with ^, ^ v, 
it must be that Xyi ^ Xv 
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Proof. Take any X eV. If Am-i = (which also implies Am = Ao = by Theorem 
2.1), one can check easily that the statement holds. 

Now suppose that Am-i 7^ 0, then |Ai|, . . . , \Xm\ are pairwise distinguished. 

If there exist jji ^ v E V\ such that = Xv- By Lemma 2.3, we only need to 
consider the case that /i and v are both atypical. It is obvious by Lemma 2.3 that 
A — /i, A — 1/ e {±e, 0}. Hence |/Io| = If either A — /i or A — ;/ is 0, then Aq > 1. 
Thus |(A ± e)^! ^ |Ao|, which is a contradiction to |^ol = l^'ol- So /x, = A±e, which 
is also a contradiction to |/io| = l^'ol since |pto ~ ^^ol =2 and i/p, ptQ £ Z + i. □ 

Corollary 4.4. For any atypical weight X E V , if fi E V\ is also an atypical weight, 
then is a direct summand in L\ ® Lg and 

(4.7) [Lx®Ls:L^] = l. 

Proof. Just combine Lemmas 4.1, 4.2 and 4.3. □ 

Remark 4.5. Lemma 4.3 and Corollary 4.4 indicate that for any two atypical weights 
XjfiEV, if there exist atypical weights /i^^^ — A, fi'-^\ • • • , /^(*) = n £ V such that 
£ V^d), then one can use (3.7) iteratively to get ch from ch Lx by a 
straightforward calculation: 



(4.8) L^(., ^ 

Such an algorithm will be used in the next section. 

Remark 4.6. All of the results stated in this section are also valid for osp(n|2) (cf. 
i)- 

5. Character formulae for non-tail atypical weights 

5.1. When ip{X) = A^. 

We have dealt with this case in Theorem 13. ll ii). 

5.2. When (^(A) ^ A^. 

5.2.1. In case that A is {dm + e)-atypical. In this case, Am = Aq + 1 > 1 and 

A-^ = A — Xo{5m + e) — Sm- Assume that Aq = s > 0. 

Let /i = A — e. It is obvious that fi £ V is typical. So by Lemma 2.5, we have 

(5.1) = E 
Suppose 

(5.2) [Lf, (g) Ls, : LA-i(5,„+e)] = a^i, (0 < « < s); [L^ (g) Ls, : Lx-sis^+e)-sJ = V- 

Note that = 1 by Lemma 4.1. 

Multiply Ls, on the both sides of the above formula. By (3.7), we can calculate 
that the right side becomes to 

(5.3) E E (-l)'^''^^^-(''+p)-p- 

Select in (5.3) the modules with Xv ~ X\- Then we have 
(5.4) 

s 

L\ + ^^XiLx-i(S„,+e)+yL\-s{5^+t)-5^ = E (~l)^'''^''(^'^(A+p)-p + ^'^CT(A-5„-e+rt-p). 
1=1 a£Tm 



(i + l) . 
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By Lemma 4.1, we have that 

(5.5) [Lx-s^-e'E>Ls, : Lf,] = l. 
Furthermore, since /U is typical, we can get from Lemma 4.2 that 

(5.6) [Lx-i(^s^+e) ® Ls^ ■■ Lij] = [Lx-s(5,n+e)-s,n ® ^Si : i^;,] = 0, (i = 2, 3, . . . , s). 

On the other hand, also thanks to that fi is typical, it is not difficult to calculate 

that 

(5.7) [ ^ (-l)^(<^)(M,(,+,)_, + M,(,_,^_,+,)_,) Ls, :L^] = 2 

Combining (5.4)-(5.7), we get that 

(5.8) xi < [Lx (g) Ls^ : L^] +xi=2. 
Moreover, since 

(5.9) dimHomg(L^ (g)L5,,L^_5^) = dimHomg(L^, L^_5^ <^ Ls^) = 1, 

it should be that xi > 0. 

Below we shall use induction on s to obtain Lx- 

1) . For s=l. Then by Theorem 3.1 ii), one can rewrite (5.4) as 
(5.10) 

That is, 

(5.11) Lx= J2 {-iY^^^M,^x+p)-p + (1 - Xl)Lx-S^-e - (1 + y)Lx-2S^-e. 

Multiply Ls^ on the both sides of the above equation and select the terms Li, 
and My with Xv = XA, then we get 

(5.12) Lx= J2 (-l)'^"^M,(A+p)-p + (1 - Xr)Lx-2S^-, - (1 + y)Lx-s^-e. 

Comparing (5.11) with (5.12) shows us that 

(5.13) a;i-l = y + l => xi=2 + y>2. 
Inequalities (5.8) and (5.13) induce that xi — 2 and y = 0. Thus 

(5.14) Lx= J2 (-l)'^"^M,(;,+,)_, - Lx-S^-e - Lx-2S^-e. 

As a co-product, 

(5.15) [Lx Ls, : LxsJ = [Lx Lg, : Lx-e] = 0. 

2) . For s=2. Now using (5.14), equation (5.4) can be rewritten as 

(5.16) Lx + XiLx-S^-e + X2Lx-25m-2e + yLx-ZS^-2e 

= X/ (~l)^*''^^-^<^(A+p)-p + -^A-(5„-e + -f'A-25^-2e + -f'A-3i5m-2e- 

That is, 
(5.17) 

^A = ^ {-lf^"^M„^^X+p)-pH^-Xl)Lx-6^-M'^-X2)Lx-25^-2M^-y)Lx-S5^-2,. 
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Notice that A — (5m — 2e is a typical weight, hence 

(5.18) [La (8) Ls^ : Lx-S^-2e\ = [-^^(A-25„-2e)^ ® Ls, : Lx-6^-2e] = 

by Lemma 4.2, 

(5.19) [ J2 (-l)'^"^M,(A+^)_, <S> Ls, : = 
by direct calculation, 

(5.20) [Lx-5^-e ® Ls, : iA-5„-2e] = 

by (5.15), and 

(5.21) [LA-25^-2e ® Ls, : Lx-S^-2e] = 1 

by Lemma 4.1. 

Therefore (5.17)-(5.21) imply that X2 = 1. 

Multiply Ls on the both sides of (5.17) and select the terms and with 
Xi^ = Xa, then we have 
(5.22) 

= ^ (-l)^(")M^(A+p)_p + (l-Xi)LA-5„-. + (l-a;2)LA-35„-2e + (l-y)iA-25„-2e. 

Compare (5.17) and (5.22), then we get 

(5.23) l-X2 = l-y y = X2 = l. 
Therefore, 

(5.24) Lx= J2 (-l)'^"^M,(A+p)-p + (1 - xi)Lx-s^-e. 

By (5.8) and (5.9), we know that a;i = 1 or 2. But it is impossible that xi = 1 
because of Lemma 2.5. So xi = 2 and 

(5.25) Lx= J2 (-l)''''^^a(A+p)-p - Lx-6^-e. 

Now it is easy to get from the above equation that 

(5.26) [Lx O Ls, : LxsJ = [Lx Lg, : Lx-e] = 0. 

3). For any s > 2. We shall use induction on s to show that (5.25) and (5.26) 
hold for any s > 2. By induction assumption, we can get from (5.4) that 
(5.27) 

2 s 

L\= ^ {-^Y''''^M^(^X+p)-p+^{^-X^)Lx-i6rr,-^e-^X,Lx-iS^-ie-yLx-{s+l)Sr„-se■ 
aeTra j=l j=3 

Multiply Ls, on both sides of the above formula. Then if wc choose the terms 
Ml, and L^, with Xv = XA-i5m-(i+i)e(l < i < s), there comes that X2 = 1, x^ = 
. • . = Xs = 0. Moreover, if we choose the terms and L^ with Xv = Xa, there 
comes that y = = 0. 

Thus 

(5.28) ^A = ^ (-l)^('^)M,(A+p)_p + (1 - x^)Lx-5^-e. 
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Recall that we have known cci = 1 or 2. But only the case of cci =2 is valid by 

(5.28) because of Lemma 2.5. Hence we have shown that (5.25) and (5.26) hold for 
any s > 2. 

5.2.2. In case that A is (5/. + e)-atypical, (fc < m). In this case, Ao + l + fc — m = 
Afe > 1 and Afe > Afe+i > Xk+2 > • ■ • > A^ > 1. 
Let 

k m 

(5.29) AW =^Ai5i+ ^ Afe5i + (Afe-l+t)e, (t = 0, 1 . . . ,m - fc), 

i=l i=fe+l 

k rn 

^im-k+t) ^ ^ J2 XkSi + Xoe - t6^, (t = 1, 2, . . . , Afe - A„), 

i=l i=fc+l 
k m—1 

^^m-k+X,-Xr.+t) ^ J2 Xi6i+ ^ Xk5i + Xm5m+Xoe-tSm-l, {t = l,2,..., Xk-Xm-l), 

i=l i=k-\-l 



k m 

Xim-k+j:z,^,ix,-x.)+t) ^ Xidi+Xk6k+i+ XiSi+Xoe-t6k+i, (i = 1, 2, . . . , Afe-Afc+i), 

i=l i=k+l 
^(m-fe+X;r^fc_^i(Afe-Ai)) _ ^ 

Notice that all A^*^ {0<t<m — k + Yl^k+ii'^k — Aj)) are atypical weights and 

We have obtained in Section 5.2.1 that 

(5.30) L^co, = ^ (-l)^('^)M,(;,(o)+,)_, - L^(A(o)). 

Using the algorithm introduced in Remark 4.5, now there is no difficulty for us 
to calculate that 

(5.31) Lx=Yl (-l)'^'^^M,(,+,)_, - L^(,) 
by (5.29) and (5.30). 

5.2.3. Final results for the case <^(A) ^ A^. 
To summarize: 

Theorem 5.1. For any non-tail atypical weight X with (p{X) ^ X^ , 

(5.32) - I - - L,., if^-^iX) = X^. 



For any atypical weight X ^ V, denote by 0x the unique number such that 
/^+i(A) = A^. 
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Theorem 5.2. For any atypical weight A 6 "P with 9\ > 1, one has 

Ox 

(5.33) Lx = Y.J2 + 

i=o crer„ 

m -|-ri(T(A^+p)i+i 
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